We introduce a dual Zariski topology on the spectrum of fully coprime R-submodules of a given duo module M over an associative (not necessarily commutative) ring R. This topology is defined in a way dual to that of defining the Zariski topology on the prime spectrum of R. We investigate this topology and clarify the interplay between the properties of this space and the algebraic properties of the module under consideration.
Introduction
Inspired by the interplay between the Zariski topology defined on the prime spectrum of a commutative ring R and the ring theoretic properties of R in [Bou1998, AM1969] (see also [LY2006, ST2010, ZTW2006] ), we introduce in this paper a dual Zariski topology on the spectrum of fully coprime submodules of a given non-zero duo module M over an associative ring R and study the interplay between the properties of R M and the topological space we obtain. The spectrum we consider was introduced for bicomodules over corings in [Abu2006] (see also [Wij2006] , [WW2009] ) and topologized in [Abu2008] where a Zariskilike topology was investigated. Some of the results in this paper can be considered as module-theoretic versions of results in [Abu2006] and are dual to results in [Abu] which is devoted to a Zariski topology on the spectrum of fully prime submodules of a given duo module.
This paper extends also the study of the so called top modules, i.e. modules whose spectrum of prime submodules attains a Zariski topology (e.g. [Lu1984, Lu1999, MMS1997, MMS1998, Zha2006-a, Zha2006-b]), to a notion of primeness not dealt with so far from the topological point of view (other notions appear, for example, in [Dau1978, Wis1996, RRRF-AS2002, RRW2005, Wij2006, Abu2006, WW2009]).
The paper is organized as follows: After this introduction, we collect in Section 2 some preliminaries and recall some properties and notions from Module Theory that will be needed in the sequel. In Section 3, given a non-zero duo left R-module M, we introduce and investigate a dual Zariski topology on the spectrum Spec fc (M) of non-zero submodules that are fully coprime in M (e.g. [Abu2006, Wij2006, WW2009] ). In particular, we investigate when this space is Noetherian or Artinian (Theorem 3.24), irreducible (Theorem 3.26), ultraconnected (Proposition 3.30), compact or locally compact (Theorem 3.33), connected (Theorem 3.34), T 1 (Proposition 3.40) or T 2 (Theorem 3.41).
Preliminaries
In this section, we fix some notation and recall some definitions and basic results. For any undefined terminology, the reader is referred to [Wis1991] and [AF1974] .
Throughout, R is an associative (not necessarily commutative) ring with 1 R = 0 R and M is a non-zero unital left R-module. By an ideal we mean a two-sided ideal and by an R-module we mean a left R-module, unless explicitly otherwise mentioned. We set S := End( R M)
op (the ring of R-linear endomorphisms of M with multiplication given by the opposite composition of maps) and consider M as an (R, S)-bimodule in the canonical way. We write
Recall that the ring R is said to be left duo (right duo) iff every left (right) ideal of R is two-sided and to be left quasi-duo (right quasi-duo) iff every maximal left (right) ideal of R is two-sided. Moreover, R is said to be (quasi-) duo iff R is left and right (quasi-) duo. 
multiplication modules:
Multiplication modules over commutative rings have been studied intensively in the literature (e.g. [AS2004, PC1995, Smi1994] ). Several results in these paper have been generalized by Tuganbaev (e.g. [Tug2003] , [Tug2004] ) to modules over rings close to be commutative (see [Abu] for a summary). 
comultiplication modules:
we denote the lattice of (fully invariant) R-submodules 
On the other hand, we say L is superfluous or small in M and we
With Max(R) we denote the spectrum of maximal sided ideals of R and with Spec(R) prime spectrum of R; moreover, the prime radical of R is defined as Prad(R) :=
The socle of M is defined as
Call a semisimple module M completely inhomogenous iff M is a direct sum of pairwise non-isomorphic simple submodules. 4. self-injective duo modules that are cofinitely generated (resp. semisimple, Artinian).
Topological Spaces
In what follows, we fix some definitions and notions for topological spaces. For further information, the reader might consult any book in General Topology (e.g. [Bou1966] ). Definition 2.10. We call a topological space X (countably) compact, iff every open cover of X has a finite subcover. Countably compact spaces are also called Lindelof spaces. Note that some authors (e.g. [Bou1966, Bou1998] ) assume that compact spaces are in addition Hausdorff.
2.11. We say a topological space X is Noetherian (Artinian), iff every ascending (descending) chain of open sets is stationary, equivalently iff every descending (ascending) chain of closed sets is stationary. Definition 2.12. (e.g. [Bou1966] , [Bou1998] ) A non-empty topological space X is said to be 1. ultraconnected, iff the intersection of any two non-empty closed subsets is non-empty.
2. irreducible (or hyperconnected ), iff X is not the union of two proper closed subsets; equivalently, iff the intersection of any two non-empty open subsets is non-empty.
3. connected, iff X is not the disjoint union of two proper closed subsets; equivalently, iff the only subsets of X that are clopen (i.e. closed and open) are ∅ and X.
([Bou1966]
, [Bou1998] ) Let X be a non-empty topological space. A non-empty subset A ⊆ X is an irreducible set in X iff it's an irreducible space w.r.t. the relative (subspace) topology; in fact, A ⊆ X is irreducible iff for any proper closed subsets
A maximal irreducible subspace of X is called an irreducible component. An irreducible component of a topological space is necessarily closed. The irreducible components of a Hausdorff space are just the singleton sets.
Definition 2.14. Let X be a topological space and Y ⊆ X be an closed set. A point y ∈ Y is said to be a generic point, iff Y = {y}. If every irreducible closed subset of X has a unique generic point, then we call X a Sober space.
Definition 2.15. A collection G of subsets of a topological space X is locally finite, iff every point of X has a neighborhood that intersects only finitely many elements of G.
Fully Coprime Submodules
As before, M is a non-zero unital left R-module. In this section, we topologize the spectrum Spec fc (M) of submodules that are fully coprime in M. For more information on fully coprimeness, the interested reader can consult [Abu2006] (see also [Wij2006] and
Notation. For subsets L ⊆ M and I ⊆ S, we set An(L) := {f ∈ S | f (L) = 0} and Ke(I) = f ∈I Ker(f ).
(1)
Definition 3.3. We call a non-zero fully invariant R-submodule 0 = K ≤ f.i.
R M fully coprime in M iff for any fully invariant R-submodules X, Y ≤ f.i.
In particular, we say R M is a fully coprime module iff for any fully invariant R-submodules X, Y ≤ f.i.
The following are equivalent:
Remark 3.5. The definition of fully coprime modules we adopt is a modification of the definition of prime modules introduced by Bican et. al. [BJKN80] , where arbitrary submodules are replaced by fully invariant ones (we call such modules B-coprime). In fact, R M is B-coprime if and only if M is generated by each of its non-zero factor modules. Clearly, every B-coprime module is fully coprime. A duo module is B-coprime if and only if it is fully coprime. For more details on fully coprime modules, the reader is referred to [Abu2006] (see also [Wij2006] and [WW2009] ).
Example 3.6. The Abelian group Q is fully coprime since it has no non-trivial fully invariant subgroups. Notice that Z Q is not B-coprime since Q is not generated by Q/Z.
We define
We say R M is fc-coprimeless, iff Spec
R M will be called E-prime iff the ideal An(K) ≤ S is prime. With EP(M) we denote the class of E-prime R-submodules of M.
Recall that R M is said to be intrinsically injective iff AnKe(I) = I for every finitely generated right ideal I ≤ S. Every self-injective R-module is intrinsically injective (e.g. 
Lemma 3.14. Let M be self-injective and f.i.
fc (L) has a maximal element. In particular, Spec fc (M) = V fc (M) has a maximal element.
We introduce now a notion for modules which will prove to be useful in the sequel. Moreover, this notion seems to be of independent interest (see the survey in [Smi] ): 3.15. We say that R M has the min-property iff for any simple R-submodule L ∈ S(M) we have L L e , where
Since simple modules are cyclic, R M has the min-property if and only if for any L ∈ S(M) and any finite subset 
Soc(M) is completely inhomogenous).
Examples 3.16.
1. Every R-module with at most one simple R-submodule (e.g. a colocal R-module) has the min-property.
Let R have the property that R/P is left Artinian for every primitive left ideal
P of R (e.g. R is a commutative ring, or a PI-ring, or a semilocal ring). Let {U λ } λ∈Λ be any collection of pairwise non-isomorphic simple R-modules and consider
U λ is completely inhomogenous and so R M has the min-property [Smi, Proposition 2.6].
Any finitely generated Artinian module over a commutative ring has the min-property if and only if it is a comultiplication module [AS, Theorem 3.11].
Lemma 3.17. If R M is self-injective and duo, then R M has the min-property.
Proof. Assume, without loss of generality, that
Since every simple R-submodule of M is fully coprime in M (see Remark 3.12), induction yields that L = L i for some i = 1, · · · , n, a contradiction.
Lemma 3.18.
Proof. Statements "1" and "2" and the inclusions
For an arbitrary R-module M, the set ξ fc (M) is not necessarily closed under finite unions. This motivates the following Definition 3.19. We call R M an top fc -module iff ξ fc (M) is closed under finite unions.
Notation. For any
As a direct consequence of Lemma 3.18 we get 
Remarks 3.22. Let M be a top fc -module and consider the Zariski topology
In particular, for any K ∈ Spec fc (M) :
4. If R M is self-injective and duo, then
The converse of (5) holds if, for example, S(M) = Spec fc (M).
Let
is continuous: this follows from Proposition 3.11, which implies that that ι
≃ N be an isomorphism of non-zero R-modules. Then we have a bijection
In particular, we have θ(Corad
Theorem 3.23. Let M be a top fc -module.
1. We have an order-preserving bijection
2. Z fc (M) is Noetherian if and only if R M satisfies the DCC condition on fc-coradical submodules.
3. Z fc (M) is Artinian if and only if R M satisfies the ACC condition on fc-coradical submodules.
Proof. Notice that for any
Notice now that (2) and (3) follow directly from (1) and so we are done. 
and it follows from our assumption that that
. Consequently, A is not the union of two proper closed subsets, i.e. A is irreducible. Proof. Recall the bijection CR fc (M) 
Corollary 3.29. Let R M be duo. Then Spec fp (M) is a Sober space.
Proof. Let A ⊆ Spec fc (M) be a closed irreducible subset. By Proposition 3.28, A = V fc (K) for some K ∈ Spec fp (M). It follows that 
contains by assumption some simple R-submodule whence which is indeed fully coprime in M. Conversely, assume that the intersection of any two non-empty closed subsets of Spec
Theorem 3.31. Let R M be a S-IAD-module.
Proof. We prove only "1", since "2" can be proved similarly. Assume that
Since R M is atomic, there exists some simple R-
Hence k≥1 L α k = 0 and we conclude that Spec
Proposition 3.32. Let R M be duo and assume that Spec fc (M) = S(M).
1. If R M has the min-property, then Spec fc (M) is discrete.
2. M has a unique simple R-submodule if and only if R M has the min-property and
Proof. (⇐) Assume that R M has the min-property and that Spec fc (M) is connected. By "1", Spec fc (M) is discrete and so S(M) = Spec fc (M) has only one point since a discrete connected space cannot contain more than one-point. Theorem 3.33. Let R M be a S-IAD-module and assume that every fully coprime Rsubmodule of M is simple. Proof. Notice that S(M) ⊆ Spec fc (M) (see Remark 3.12). If K ∈ Spec fc (M), then An(K) ≤ S is a prime ideal by Proposition 3.10, whence a maximal ideal by our assumption on S. It follows that K = Ke(An(K)) is simple: if 0 = K 1 K, for some K 1 ≤ R M, then An(K) An(K 1 ) S since Ke(−) is injective, a contradiction.
Remark 3.36. The ring R is called π-regular, iff for each a ∈ R there exist a positive integer n = n(a), depending on a, and x ∈ R such that a n = a n xa n . If R is a left (right) duo ring, then every prime ideal of R is maximal if and only if R is π-regular [Hir1978] . Moreover, R is called biregular, iff every ideal of R is generated by a central idempotent. By [Wis1991, 3. 18 (6, 7)], every prime ideal of a biregular ring is maximal.
Lemma 3.37. Let R M be a top R-module. If n ≥ 2 and A = {K 1 , ..., K n } ⊆ Spec fc (M) is a connected subset, then for every i ∈ {1, ..., n}, there exists j ∈ {1, ..., n}\{i} such that
Proof. Without loss of generality, suppose K 1 K j and K j K 1 for all 2 ≤ j ≤ n and set Proof. Let L ∈ Spec fc (M) and set
Notice first that L F : If L ⊆ F, then there exists a simple R-submodule 0 = K ⊆ L ⊆ F. Since M has the min-property by Lemma 3.17, we conclude that K = K for some K ∈ K ∩ X fc (L), a contradiction. So, L ∈ X fc (F ). Since |S(L)| < ∞, there exists (if any) a finite number of simple R-submodules {K λ 1 , .., K λn } = K ∩ V fc (L). It is clear that {K λ 1 , .., K λ n } = K ∩ X fc (F ) and we are done.
Lemma 3.39. If R M be a S-IAD-module, then the following are equivalent for any L ≤ R M:
